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PRELIMINARY GRADING: betyg 3 15 points
betyg 4 23 points
betyg 5 30 points

All solutions should be well motivated.
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1. We are interested in computing optimal transportation routes in a circular city.
The cost for transportation per unit length is given by a function g(r) that only
depends on the radial distance r to the city center. This means that the total
cost for transportation from a point P; to a point P; is given by

/P P g(r)ds

where s represents the arc length along the path of integration. In polar coordi-
nates (0,7) the total cost reads

/P2 g(r)\/1+ (rf)2dr

Py
where 0 = (), and 0 = df/dr.
(a) Formulate the problem of computing an optimal path as an optimal control

problem (2p)

(b) For the case of g(r) = a/r for some positive a show that any optimal path
satisfies the equation 6 = alogr + b for some constants a and b. (5p)

(c) Show that if the initial point and the final point are at the same distance
from the origin, then the optimal path is a circle segment. You may use the
claim in (b). (3p)

2. Consider the double integrator

j71:$2

j;‘QIU/, |U|§1

with the following criterion to be minimized

0

(a) Write down the Hamilton-Jacobi-Bellman equation for the optimal cost
V(). (2p)
(b) Calculate the optimal control as a function of V. (2p)

(c) Show that
3

V = x129 + % + C(2xy + x3)%/?

solves the Hamilton-Jacobi-Bellman equation in the region z; > 0, x5 > 0.
(C' is a positive constant). What value does this give for u when z; > 0,



3. We consider a one degree of freedom robot joint with constant joint stiffness K
and damping D. The dynamics is described by

d*q dq do
M— +D— + Kq= K0+ D—
ae TP TR R Py
where ¢ is the link position, # is the motor position, and M is the link inertia.
(a) Show that with ; = 0 — ¢, x, = ¢ and u = 0 the dynamics can equivalently
be written as

j,’l . —Zo + U
To|  |wizy + 2Cwo(—z2 + )
where w? = K/M and ¢ = D/(2wyM). (2p)

(b) We are interested in maximizing the final link velocity ¢(ty), where the final
time ¢ is fixed. The control signal u is constrained such that u(t) < u(t) <
u(t), t € [0,t¢]. Form the Hamiltonian for this optimal control problem and
write down the adjoint equations. (2p)

(c) Show that the optimal control is given by

u(t), o(t) <0
() =4 ult), olt) >0
arbitrary, o(t) =0
where o(t) = A (£)+2¢woa(t), and where AT = [A;  \;] satisfies the adjoint
equations. (2p)

(d) Consider the special case of ¢ = 0 which gives the switching function
o(t) = —wpsin(w(ty —t)).
Discuss how many switches there will be. (2p)
(e) Consider the special case of ( = 1 which gives the switching function

2
o(t) = wie =Y (tf —t— —> .

Wo
Discuss how many switches there will be. (2p)
4. (a) Describe advantages and disadvantages of the five different computational
algorithms that are described in the lecture notes. (5p)
(b) Solve the following problem
mini(r?ize - / e Pt/ u(t) dt
subject to  Z(t) = ax(t) — u(t),
x (0) =1x9 >0,



where we assume that 28 > « and z(t) > 0 for all t > 0. Hint: Try the value

function V(t,x) = —e P!\/cx where ¢ > 0 is a constant. Use Theorem 2 in
the formula sheet with ¢; = oo. (5p)
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(a) By introducing the control u = 9, we can specify the optimal control
problem

minimize /T2 g(r)/ 1+ (r-u(r))?dr

1
subject to =u

o(
o

7’1) 01
’I“Q) 92

where rq,60; and 73,05 are the polar coordinates of the points P; and
Ps, respectively.

(b) With ¢(r) = o/r, the Hamiltonian is given by

H(r,0,u,\) = g\/1—1—(7“-u)2—|—)\~u
r

Further we have that

oH reu

T 0, u\) = a4
ou ( ) 1+ (r-u)?

0’H r

Ou (r,0,u,\) = ar ¥ (r-u)2)32

Since o > 0 and r > 0 we have that %213 > 0 Yu. Hence, H(r,0,u,\) is

U
strictly convex in u. Therefor, pointwise minimization yields

_aiHT (r), u* (r =« row(r) r
0_8114(,9()7 ()7)‘) 1+(ru*(7“))2+)\()

The adjoint equation is given by

oH

A= —W(T,H,UJ\) =0

without final constraint on A(r3) since we do have a final constraint on
6(r2). This equation has the solution

Ar)=c



for some constant ¢ and the optimal control is

r-ut(r)
L+ (r-u*(r))?

= —C

This requires - u*(r) to be constant, which can be written as
* * a
ru*(r)=a = u"(r)=-

for some constant a. This gives the optimal path

6=- = O=alogr+b
r

which we were supposed to show.
(¢) Reformulate the optimal path as a function of theta

b

r(0) = e’ = BeM?

where A = 1/a and B = e~%®. We now require that the initial and final
point shall have the same radius rg, such that r(61) = ro and r(62) = ro.
This gives

ro=Bet%, ry=Bet = A=0, B=r

which gives
’/‘(0) =T0, for 91 S 0 S 92

This corresponds to a path with constant radius, i.e. a circle segment.
(a) The Hamiltonian is given by

H(z,u,\) 2 folz,u) + X f(z,u)

= |x1| + Ma2 + dau

g

Point-wise optimization yields
fi(x, ) = argmin H(z,u, \)
[ul<1

= argmin {|z1| + A\122 + Au} = —signla,
lul<1
The Hamilton-Jacobi-Bellman equation is now given by
0=H(z, iz, Vs), Vz).
In our case this is equivalent to
0= |x1| + Vi, 2o — Vp,signV,,, (1)

(b) The optimal control is given by

w*(t) £ [ (x(t), Va (2(t))) = —sign {Va, (2(t))}



(c) With the proposed function V' we get
Viy = 22 +3C (221 + x§)1/2
Viy = o1 + 22 4 3C (221 + 22)1 /225

In the region z; > 0 and x2 > 0 we then also have that V,, > 0 and
Vz, > 0. Inserted in (1) this gives

21 + (29 + 3C (221 + 22)Y )y — 21 — 22 — 3C (221 + 22)Y %25 =0

Thus, in this region this solves the Hamilton-Jacobi-Bellman equation
and the corresponding optimal control will be

u*(t) = —signV,, = —1 (2)

T

(a) By introducing z1 =0 — ¢, z2 = ¢, u = 6 and redefining = £ (z1,22)",

the problem at hand can be written on standard form as

xl(t)zﬁ—q:—xg—i—u,

a(t) = § = ﬁ(K(e—qHD(é—q)) = %xl—k%il

By introducing w? = K/M and ¢ = D/(2woM) we have
T, = —x2 +u,

Itg = w(z)xl + 24&)0(71’2 + u)

(b) Cousidering ¢(T,z(T)) = —x1(T) and fo(t,z,u) = 0, the Hamiltonian
is given by

H(t,z,u,\) £ fo(t,z,u) + )\Tf(t, x,u)
=M (—2z2+u)+ )\2(&)3.’1?1 + 2Cwo(—x2 + u)).

The adjoint equations are

oH
Al(t) = 7873';1 = )\2&}(2)
‘ oH
)\Q(t) = _87{1}'2 = )\1 + 2CWO>\2.

(¢) Pointwise minimization yields

i(t,z, \) =argmin H(t, ,u, \)

u<u<u

=argmin (A + 2CwoA2)u

u<u<u
u, o<0
=qu, 0>0,
u, o=0



where @ € [u, @] is arbitrary. Thus, the optimal control is expressed by

o(t) <0
o(t) >0 ,
o(t)=0

w'(t) £ [tz (t), A1) =

SUNISENS

where the switching function is given by
U(t) = )\1(75) + 2(&)0)\2(@.

Since the switching function never remains at zero for finite time, the op-
timal control, u*, always takes its minimum or maximum values period-
ically, depending on the sign of o (t)(known as bang-bang control). The
number of times o becomes zero, determines the number of switches,
and ¢ = 0 when

km

wo(tf—t)Zk‘ﬂ',k‘:O,LQ,...étth—wf
0

The number of switches is the largest integer, k, for which

km trw
tp——>0=k< L2

wo m
2
wo?
and switches sign from positive to negative. Therefore, if t; > w%? u*
starts from its minimum value and at ¢’ switches to its maximum value.

Ifty < w%, there will be no switches.

The switching function crosses the time axis only once at t' =ty —

See Chapter 10 ”Computational Algorithms” in the course compendium.

The Hamiltonian is given by
H(t,z,u,\) = —e Pul/? 4 XNax — u)
The pointwise minimum is determined by

1

= 26

1

0 H(t,x,u,\) = ——e Ply™2 -\ = Vur = —Bty-1
ou 2

where A < 0 has to be satisfied. The second derivative yields

0°H
ou?

1
H(t,z,u,\) = Zefﬁtu*?’/2 >0

since u > 0. Hence the solution is a minimum. Plugging the optimal
control input v* into the Hamiltonian yields

2
1 1
H(t,z,u",\) = —e Pt (—26_’(%)\_1) + dax — A (—2€_Bt)\_1>
= 1672Bt)\71 + Aax — 1e*w’f)fl =
2 4

= iedﬁt)fl + Aax



The HIBE becomes
-V, = ie‘thI_l + Veax
The guess V (t,x) = —e~ Pt /cx, yields
V, = Be P (cx)' /2, V, = —%e—m(c/m)l/2
which plugged into the HJBE yields

-1
1 1 1
—BePt(cx)'/? = Ze_wt (—Qe_ﬂt(c/x)1/2> + (—Qe_ﬁt(c/m)lﬂ) ar &

Bl /2512t _ 112,12, n 1 2,172,
2
This equation has to hold for all x and ¢, we thus get

1 1
Bel/? = 50_1/2 + Zac? &

2
1=(28-a)ce
1
C_2B—a>0

which follows from the assumption 23 > «. Finally the optimal control
is given by

-2
* 1 —28t -2 1 —2ft 1 —pt 1/2 z

= V. = — == =(28 —
U e (Va) e 26 (c/x) p (28 — a)x
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