
Kurskod: TAMS65 MATEMATISK STATISTIK
Provkod: TEN2 25 March 2020, 14:00-18:00

Examiner: Zhenxia Liu (Tel: 070 0895208).

a. You are allowed to use calculator, Formel och tabellsamling i matematisk statistic and TAMS65
- VT1: Notations and Formulas .

b. Scores rating: 7-9 points giving rate 3; 9.5-12 points giving rate 4; 12.5-15 points giving rate 5.

1 (3 points)

Suppose that a population X has the probability mass function (sannolikhetsfunktion) as follows,

X −1 0 1 2

pX(k) θ
8

θ
4

3(1−θ)
8

5
8

where 0 < θ < 1 is a parameter. We have a sample from this distribution with 10 independent observations :
{−1, 0, 1, 2, 0, 2, 1, 2,−1, 0}.
(1.1). (1.5p) Find a point estimate (punktskattning) θ̂MM of θ using method of moments (momentmetoden) and check
if it is unbiased (väntevärdesriktig).

(1.2). (1.5p) Find a point estimate (punktskattning) θ̂ML of θ using Maximum-Likelihood method
(maximum-likelihood-metoden).

2 (3 points)

The coronavirus COVID-19 is affecting 191 countries and territories around the world. People want to compare the
mortality rates(death rates) due to the coronavirus COVID-19 between China and Italy. Data comes from worldometers
on March 22, 2020.

Country Total Cases Total Deaths
China 81054 3261
Italy 59183 5476

Let pC and pI be the mortality rates of China and Italy, respectively.
(2.1). (2p) Test with significance level (niv̊an) 5% H0 : pI = 2pC versus H1 : pI > 2pC .
(2.2). (1p) Find 95% one sided lower bound (nedrebegränsat) confidence interval (konfidensintervall) for pI − 2pC .

3 (2.5 points)

Some researchers compared two different fertilizers A and B to increase yields of a certain type of apple. In a series of
experiments, they analyzed pairs of equivalent this type of apple trees using both methods. The yields (in KG) are
given in the following table.:

Experiment number Method A Method B
1 20.1 22.3
2 18.1 19.1
3 23.4 21.2
4 17.6 18.2
5 25.0 23.0
6 19.9 22.2

Can you conclude that there is a systematic difference between the two methods? Answer the question with a suitable
95% confidence interval or test. Normal distribution may be assumed.
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4 (3 points)

Media Markt wanted to know if age would affect choice of different games. They investigated three games: Nintendo
Switch, PS5 and the Xbox among two age groups. Group 1 contains 120 people who are 16 to 18 years old, where 30
people chose Nintendo Switch and 40 people chose PS5. Group 2 contains 130 people who are 19 to 21 years old, where
35 people chose Nintendo Switch and 55 people chose PS5. Does the age affect the choice of games according to the
data with significance level (niv̊an) α = 5%?

5 (3.5 points)

People wanted to know how long a special virus can live on different items. They tested three groups. Group 1 contains
2 different plastic door handles and 2 different metal door handles. Group 2 contains 6 different type of papers. Group 3
contains 6 different mobiles. Results (in days):

Groups x̄i si
Group 1 9 7 6 8 7.5 1.67
Group 2 7 6 9 5 8 7 7 2
Group 3 10 9 8 7 11 9 9 2

Model: We have three samples from independent N(µi, σ), i = 1, 2, 3.
(5.1). (1.5p) Construct a 95% confidence interval for σ.
(5.2). (2p) Is it possible that µ1 − µ2 = µ2 − µ3 with confidence coefficient (konfidensgrad)98%? Answer the question by
constructing an appropriate confidence interval or test.
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rd

e
ln

in
g
)
X
∼
E
x
p
(

1µ
)

f
X

(x
)

=
1µ
e −

xµ
fo

r
x
>

0

E
(X

)
=
µ

V
(X

)
=
µ

2

2
/8



U
n

ifo
rm

d
istrib

u
tio

n
(L

ik
fo

rm
ig

fö
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2
=

1
n−

1 ∑
ni=

1 (x
i −

x̄
)
2

S
am

p
le

va
ria

n
ce.
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•
If

th
ere

are
m

sam
p
les

fro
m

in
d

ep
en

d
en

t
p

o
p
u
la

tio
n
s

w
ith

u
n
k
n
ow

n
m

ea
n
s

an
d

a
sam

e
va

rian
ce
σ

2,
th

en

σ̂
2

=
s

2
=

(n
1 −

1)s
21

+
...

+
(n
m
−

1)s
2m

(n
1 −

1)
+
...

+
(n
m
−

1
)

(u
n
b
ia

sed
)

w
h

ere
n
i

is
th

e
sa

m
p
le

size
o
f

th
e
i-th

sam
p

le,
an

d
s

2i
is

th
e

sa
m

p
le

varian
ce

o
f

th
e
i-th

sam
p

le.

N
ote

th
at:

M
M

an
d

M
L

giv
e

a
p

o
in

t
estim

ate
of
σ

2
as

follow
s

σ̂
2

=
1n

n
∑i=

1 (x
i −

x̄
)
2

(N
O

T
u
n
b
iased

).

A
n

a
d

ju
ste

d
/
c
o
rre

c
te

d
(k

o
rrig

e
ra

d
e
)

p
oin

t
estim

ate
w

ou
ld

b
e

th
e

sa
m

p
le

varian
ce

s
2

=
1

n
−

1

n
∑i=

1 (x
i −

x̄
)
2

(u
n
b
ia

sed
).

S
a
m

p
le

sta
n

d
a
rd

d
e
v
ia

tio
n
s

=
√
s

2
a
n
d
S

=
√
S

2.

S
ta

n
d

a
rd

e
rro

r(m
e
d

e
lfe

le
t)

o
f

a
p

o
in

t
e
stim

a
te

θ̂:
d
(θ̂)

is
an

estim
a
tion

o
f

th
e

stan
d
a
rd

d
ev

iation
D

(Θ̂
).

2
.3

In
te

rv
a
l

e
stim

a
tio

n
-

C
o
n
fi
d
e
n
ce

in
te

rv
a
l(K

o
n
fi
d
e
n
sin

te
rv

a
ll)

-C
I

2
.3

.1
O

n
e

ra
n

d
o
m

sa
m

p
le
{
X

1 ,...,X
n }

fro
m

N
(µ
,σ

)

C
I

fo
r
µ

th
e

sa
m

p
lin

g
d

istrib
u

tion
is



X̄
−
µ

σ
/ √

n
∼
N

(0,1),
if
σ

is
k
n

ow
n

X̄
−
µ

S
/ √

n
∼
t(n
−

1),
if
σ

is
u
n
k
n

ow
n

C
I

for
σ

2,
th

e
sa

m
p

lin
g

d
istrib

u
tion

is
(n−

1
)S

2

σ
2
∼
χ

2(n
−

1
)

N
ote:

s
2

=
1

n−
1 ∑

ni=
1 (x

i −
x̄

)
2.
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2
.3

.2
T

w
o

ra
n

d
o
m

sa
m

p
le

s
{
X

1 ,...,X
n
1 }

a
n

d
{Y

1 ,...,Y
n
2 }

fro
m

in
d

e
p

e
n

d
e
n
t

d
istrib

u
tio

n
s

N
(µ

1 ,σ
1 )

a
n

d
N

(µ
2 ,σ

2 ),
re

sp
e
c
tiv

e
ly

.

C
I

for
µ

1 −
µ

2 ,
th

e
sam

p
lin

g
d
istrib

u
tio

n
is



(X̄
−
Ȳ

)−
(µ

1 −
µ
2
)

√
σ
21
n
1

+
σ
22
n
2

∼
N

(0,1),
if
σ

1
a
n
d
σ

2
a
re

k
n

ow
n
;

(X̄
−
Ȳ

)−
(µ

1 −
µ
2
)

S· √
1n1

+
1n2

∼
t(n

1
+
n

2 −
2),

if
σ

1
=
σ

2
=
σ

is
u

n
k
n
ow

n
;

(X̄
−
Ȳ

)−
(µ

1 −
µ
2
)

√
S
21
n
1

+
S
22
n
2

≈
t(f

),
if
σ

1 6=
σ

2
b

o
th

a
re

u
n
k
n
ow

n
;

[
d

eg
rees

of
freed

o
m
f

=
(
s
21
/
n
1
+
s
22
/
n
2 )

2

(s
21
/
n
1
) 2

n
1 −

1
+

(s
22
/
n
2
) 2

n
2 −

1

]

C
I

for
σ

2
:

If
σ

1
=
σ

2
=
σ
,

th
e

d
istrib

u
tio

n
fu

n
ctio

n
is

(n
1
+
n
2 −

2
)S

2

σ
2

∼
χ

2(n
1

+
n

2 −
2
).

N
ote

th
at:

U
n
k
n
ow

n
σ

2
can

b
e

estim
ated

b
y

th
e

sam
p

les
varia

n
ce
s

2
=

(n
1 −

1
)s

21
+

(n
2 −

1
)s

22
n
1
+
n
2 −

2
.

R
e
m

a
rk

:
T

h
e

id
ea

of
u

sin
g

sa
m

p
lin

g
d

istrib
u

tio
n

to
fi
n

d
con

fi
d
en

ce
in

tervals
is

very
im

p
o
rta

n
t.

T
h
ere

are
a

lot
m

o
re

d
iff

eren
t

con
fi
d

en
ce

in
tervals

b
esid

es
ab

ove.
F

or
in

sta
n
ce,

w
e

co
n
sid

er
tw

o
in

d
ep

en
d
en

t
sam

p
les:{

X
1 ,...,X

n
1 }

from
N

(µ
1 ,σ

1 )
an

d
{
Y

1 ,...,Y
n
2 }

from
N

(µ
2 ,σ

2 ).
In

th
is

ca
se,

w
e

ca
n

ea
sily

p
rove

th
at

c
1 X̄

+
c

2 Ȳ
∼
N


c

1 µ
1

+
c

2 µ
2 ,

√
c

21 σ
21

n
1

+
c

22 σ
22

n
2


.

T
h
en

C
I

for
c

1 µ
1

+
c

2 µ
2 ,

th
e

follow
in

g
sa

m
p
lin

g
d

istrib
u
tio

n
is

•
If
σ

1
an

d
σ

2
are

k
n

ow
n
,

(c
1
X̄

+
c
2
Ȳ

)−
(c

1
µ
1
+
c
2
µ
2
)

√
c
21
σ
21

n
1

+
c
22
σ
22

n
2

∼
N

(0,1
).

•
If
σ

1
=
σ

2
=
σ

is
u

n
k
n
ow

n
,

(c
1
X̄

+
c
2
Ȳ

)−
(c

1
µ
1
+
c
2
µ
2
)

S √
c
21
n
1

+
c
22
n
2

∼
t(n

1
+
n

2 −
2
).

2
.3

.3
C

o
n

fi
d

e
n

c
e

in
te

rv
a
ls

fro
m

M
o
re

ra
n

d
o
m

sa
m

p
le

s
fro

m
in

d
e
p

e
n

d
e
n
t
N

(µ
i ,σ

i ),
i

=
1,...,n

.

A
ssu

m
e

th
at
θ

is
a

lin
ear

com
b
in

ation
of
µ
i .

C
I

for
θ,

th
e

sam
p
lin

g
d
istrib

u
tion

is

•
If
σ
i

is
k
n
ow

n
,

Θ̂
−
θ

D
(Θ̂

)
∼
N

(0,1
)
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•
If
σ

1
=
...

=
σ
n

=
σ

is
u
n

k
n

ow
n
,

Θ̂
−
θ

D̂
(Θ̂

)
∼
t(f

),
w

h
ere

D̂
=
S
·
con

sta
n
t

C
I

for
σ

2,
th

e
sa

m
p

lin
g

d
istrib

u
tion

is
f
S

2

σ
2
∼
χ

2(f
)

N
o
te:

f
=

d
eg

rees
of

freed
om

for
S

2.

2
.3

.4
C

o
n

fi
d

e
n

c
e

in
te

rv
a
ls

fro
m

n
o
rm

a
l

a
p

p
ro

x
im

a
tio

n
s.

X
∼
B
in

(n
,p

)
:

S
a
m

p
lin

g
d
istrib

u
tio

n
P̂
−
p

√
p
(1−

p
)

n

≈
N

(0,1)
for

n
p̂
(1−

p̂
)
>

10.

X
∼
P
o(µ

)
:

S
am

p
lin

g
d
istrib

u
tion

X̄
−
µ

√
µn

≈
N

(0,1
)

fo
r
n
µ̂
>

15.

X
∼
H
y
p
(N
,n
,p

)
:

S
am

p
lin

g
d
istrib

u
tion

P̂
−
p

√
N
−
n

N
−

1
p
(1−

p
)

n

≈
N

(0,1
)

fo
r
nN
≤

0
.1

an
d
n
p̂
(1−

p̂
)≥

10.

X
∼
E
x
p
(
1µ

)
:

S
am

p
lin

g
d
istrib

u
tion

X̄
−
µ

µ
/ √

n
≈
N

(0,1
)

for
n
≥

30

R
e
m

a
rk

:
A

g
ain

th
ere

a
re

m
ore

co
n
fi
d
en

ce
in

tervals
b

esid
es

a
b

ove.
F

o
r

in
sta

n
ce,

w
e

con
sid

er
tw

o
in

d
e-

p
en

d
en

t
sam

p
les:

X
from

B
in

(n
1 ,p

1 )
a
n
d
Y

fro
m
B
in

(n
2 ,p

2 ),
w

ith
u
n

k
n
ow

n
p

1
an

d
p

2 .
A

s
w

e
k
n
ow

P̂
1 ≈

N


p

1 , √
p

1 (1−
p

1 )

n
1


an

d
P̂

2 ≈
N


p

2 , √
p

2 (1−
p

2 )

n
2


,

T
h
erefore,

to
g
et

C
I

for
p

1 −
p

2 ,
w

e
con

sid
er

th
is

sa
m

p
lin

g
d
istrib

u
tion

(P̂
1 −
P̂
2
)−

(p
1 −
p
2
)

√
p
1
(1−

p
1
)

n
1

+
p
2
(1−

p
2
)

n
2

≈
N

(0,1)
for

n
1 p̂

1 (1−
p̂

1 )
>

1
0

a
n
d
n

2 p̂
2 (1−

p̂
2 )
>

10.

2
.3

.5
C

o
n

fi
d

e
n

c
e

in
te

rv
a
ls

fro
m

th
e

ra
tio

o
f

tw
o

p
o
p

u
la

tio
n

v
a
ria

n
c
e
s
σ

22 /σ
21 .

S
u

p
p

o
se

th
ere

a
re

tw
o

sam
p
les{X

1 ,...,X
n
1 }

a
n
d
{Y

1 ,...,Y
n
2 }

fro
m

in
d
ep

en
d
en

t
N

(µ
1 ,σ

1 )
an

d
N

(µ
2 ,σ

2 ),

resp
ectively.

T
h

en
(n

1 −
1
)S

21

σ
21

∼
χ

2(n
1 −

1)
an

d
(n

2 −
1
)S

22

σ
22

∼
χ

2(n
2 −

1),
th

e
sa

m
p
lin

g
d
istrib

u
tion

is

S
21 /σ

21

S
22 /σ

22

∼
F

(n
1 −

1,n
2 −

1).
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2
.3

.6
L

a
rg

e
sa

m
p

le
siz

e
(n
≥

30,
p

o
p

u
la

tio
n

m
a
y

b
e

c
o
m

p
le

te
ly

u
n

k
n

o
w

n
).

If
th

ere
is

n
o

in
form

ation
ab

ou
t

th
e

p
op

u
lation

(s),
th

en
w

e
ca

n
a
p
p
ly

C
en

tral
L

im
it

T
h
eo

rem
(u

su
a
lly

w
ith

a
large

sam
p
le
n
≥

30)
to

get
a
n

ap
p
rox

im
a
ted

n
orm

a
l

d
istrib

u
tio

n
s.

H
ere

a
re

tw
o

ex
am

p
les:

E
x
a
m

p
le

1
:

L
et
{X

1 ,...,X
n }
,n
≥

30
,

b
e

a
ran

d
om

sam
p
le

from
a
n

u
n
k
n

ow
n

p
o
p
u
la

tio
n
,

th
en

(n
o

m
atter

w
h

at
d

istrib
u
tion

th
e

p
o
p
u
la

tion
is)X̄

−
µ

σ
/ √

n
≈
N

(0,1
).

E
x
a
m

p
le

2
:

L
et
{X

1 ,...,X
n
1 }
,n

1
≥

30,
b

e
a

ran
d

om
sa

m
p
le

fro
m

an
u
n
k
n

ow
n

p
op

u
la

tio
n
,

an
d

{Y
1 ,...,Y

n
2 },n

2
≥

30,
b

e
a

ran
d

om
sam

p
le

fro
m

a
n
oth

er
u
n
k
n
ow

n
p

op
u

latio
n

w
h
ich

is
in

d
ep

en
d
en

t
from

th
e

fi
rst

p
op

u
lation

,
th

en
(n

o
m

atter
w

h
at

d
istrib

u
tion

s
th

e
p

op
u

la
tio

n
s

are)

(X̄
−
Ȳ

)−
(µ

1 −
µ

2 )
√

σ
21
n
1

+
σ
22
n
2

≈
N

(0,1
).

3
H

y
p

o
th

e
sis

te
stin

g
(h

y
p

o
te

sp
rö

v
n
in

g
)

-H
T

3
.1

O
n
e
sa

m
p
le

a
n
d

th
e
g
e
n
e
ra

l
th
eo

ry
o
f

h
y
p

o
th

e
sis

te
stin

g

P
op

u
lation

X
w

ith
an

u
n
k
n
ow

n
p
a
ra

m
eter

θ,

H
0

:
θ

=
θ

0
v
s.

H
1

:
θ
<
θ

0 ,
or
θ
>
θ

0 ,
o
r
θ
6=
θ

0

H
T

-1
P

op
u
lation

X
is

n
ot

N
o
rm

a
l(ap

p
rox

im
a
tion

)
d
istrib

u
tion

a
n
d

h
as

O
n
ly

on
e

ob
servatio

n
x
.

H
T

-2
A

ll
ty

p
es

of
p

op
u

latio
n
s

fo
r

C
o
n
fi
d
en

ce
in

terva
l.

H
0

is
tru

e
H

0
is

false
an

d
θ

=
θ

1

reject
H

0
(ty

p
e

I
erro

r
or

sig
n
ifi

ca
n
ce

level)
α

(p
ow

er)
h

(θ
1 )

d
on

’t
reject

H
0

1−
α

(ty
p

e
II

error)
β

(θ
1 )

=
1−

h
(θ

1 )

F
in

d
sam

p
lin

g
d
istrib

u
tion

s
from

se
c
tio

n
2
.3

In
te

rv
a
l

e
stim

a
tio

n
.

T
S

:=
“test

sta
tistic”;

an
d

C
:=

“rejectio
n

regio
n
/critica

l
reg

io
n
”
.

T
S
∈
C
⇔

reject
H

0

p
-valu

e
<
α
⇔

reject
H

0
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4
B

a
sic

χ
2-te

st

4
.1

T
e
st

o
n

d
istrib

u
tio

n

{
H

0
:
X
∼

d
istrib

u
tion

(w
ith

or
w

ith
ou

t
u
n
k
n
ow

n
p
a
ra

m
eters);

H
1

:
X

�
d
istrib

u
tion

T
h
e

sam
p
lin

g
d
istrib

u
tio

n
is

k
∑i=

1

(N
i −

n
p
i )

2

n
p
i

∼
χ

2(k−
1−

#
of

u
n
k
n
ow

n
p
a
ram

eters)

for ∑
p
i

=
1

an
d
n
p
i
>

5
.

4
.2

T
e
st

o
f

In
d
e
p

e
n
d
e
n
ce

/
H

o
m

o
g
e
n
e
ity

S
u

p
p

o
se

w
e

h
ave

a
d
ata

w
ith

r
row

s
an

d
k

co
lu

m
n

s,

{
H

0
:

th
e

gro
u
p
in

g
of
r

row
s

an
d

th
e

g
ro

u
p
in

g
of
k

colu
m

n
s

are
in

d
ep

en
d

en
t;

H
1

:
th

e
gro

u
p
in

g
of
r

row
s

an
d

th
e

g
ro

u
p
in

g
of
k

colu
m

n
s

are
n
o
t

in
d
ep

en
d

en
t.

E
q
u
iva

len
tly,

{
H

0
:

th
e

d
istrib

u
tio

n
s

of
r

row
s

in
ea

ch
co

lu
m

n
a
re

th
e

sam
e

H
1

:
th

e
d
istrib

u
tio

n
s

of
r

row
s

in
ea

ch
colu

m
n

are
N

o
t

th
e

sam
e

T
h
en

th
e

sa
m

p
lin

g
d
istrib

u
tion

k
∑j=

1

r
∑i=

1

(N
ij −

n
p
ij )

2

n
p
ij

∼
χ

2((r−
1
)(k−

1))

for
n
p
ij
>

5,
w

h
ere

p
ij

=
p
i ·q

j
are

th
e

th
eo

retical
p
ro

b
a
b
ilities.
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