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English Version
1 (3 points)

Assume that the distribution of lifetimes (unit: year) of a certain type of electronic components is Exp(1/µ) where the
true average lifetime µ is unknown. One chose 400 such electronic components, and after one year 109 components still
worked (namely, the other 291 components were broken after one year). Based on this information, use the method of
moments to find a point estimate of µ.

Solution. Lethal X = number of components which still work after one year. Then X ∼ Bin(400, p), where

p = P (Exp(1/µ) > 1) =

∫ ∞

1

frac1µe−x/µdx = e1−/µ.

It follows from the method of moments that E(X) = x̄ (here x̄ = x1/1 = 109), therefore 400 · p = 109 implying

e1−/µ = 109/400⇒ µ̂ = −1/ ln(109/400) = 0.77.

2 (3 points)

A random sample {X1, . . . , Xn} is taken from a population N(µ, σ) with unknown µ and known σ.
(2.1). (1p) Find a point estimator of µ using Maximum-Likelihood method.
(2.2). (1p) Is this point estimator in (2.1) unbiased? Why?
(2.3). (1p) Is this point estimator in (2.1) consistent? Why?

Solution. (2.1). The likelihood function is

L(µ) =

n∏

i=1

1√
2πσ

e−(Xi−µ)2/(2σ2) =

(
1√
2πσ

)n
e−

1
2σ2

∑n
i=1(Xi−µ)2 .

Taking the logarithm gives

lnL(µ) = −n ln(
√

2πσ)− 1

2σ2

n∑

i=1

(Xi − µ)2.

In order to find the maximal point, we take the first derivative

0 = ln′ L(µ) =
1

σ2

n∑

i=1

(Xi − µ) ⇒ µ̂ = X̄.

The second derivative rule verifies that µ̂ = X̄ is indeed a maximum.
(2.2). Yes, since E(µ̂) = E(X̄) = E( 1

n (X1 + . . .+Xn)) = 1
n (E(X1) + . . .+ E(Xn)) = 1

n · nµ = µ.
(2.3). Yes, since µ̂ is unbiased and

V (µ̂) = V (
1

n
(X1 + . . .+Xn)) =

1

n2
(V (X1) + . . .+ V (Xn)) =

1

n2
· nσ2 =

σ2

n
→ 0, as n→∞.
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3 (3 points)

One wants to collect a random sample of n values from a population Po(µ). Using the sample, one intends to test the
null hypothesis H0 : µ = 4 against the alternative hypothesis H1 : µ > 4 such that the probability of the first type error
is 0.05 and the probability of the second type error is 0.01 with the true µ = 5. How should n be chosen?

Solution. Let’s pretend that n is large so that we can use normal approximations, that is

X1 + . . .+Xn ∼ Po(nµ) ≈ N(nµ,
√
nµ).

It then follows that X̄−µ√
µ/n
≈ N(0, 1). The fact of the first type error is 0.05 gives that

H0 is rejected when
X̄ − µ0√
µ0/n

> z0.05 = 1.645.

Therefore,

0.01 = the second type error = P (don’t reject H0 when H0 is false and µ = 5)

= P (
X̄ − µ0√
µ0/n

≤ 1.645 when µ = 5)

= P (X̄ ≤ 4 + 1.645 ·
√

4

n
when µ = 5)

= P (
X̄ − µ√
µ/n

≤
(4 + 1.645 ·

√
4
n )− 5

√
5/n

) ≈ P (N(0, 1) ≤
(4 + 1.645 ·

√
4
n )− 5

√
5/n

).

Therefore,

(4 + 1.645 ·
√

4
n )− 5

√
5/n

= −2.33 ⇒ n = 72.25 ( i.e. n = 73).

4 (3 points)

Assume that X =

(
X1

X2

)
∼ N

((
2
5

)
,

(
4 1
1 3

))
. One wants to make a linear combination Y = aX1 + bX2 such that

the mean E(Y ) = 8 and the variance V (Y ) is minimized. Determine a and b.

Solution. It follows from 8 = E(Y ) = aE(X1) + bE(X2) = 2a+ 5b that 2a = 8− 5b. Then the variance is computed as

V (Y ) = V (aX1 + bX2) = a2V (X1) + b2V (X2) + 2abcov(X1, X2)

= 4a2 + 3b2 + 2ab

= (8− 5b)2 + 3b2 + (8− 5b)b = 23b2 − 72b+ 64.

To find the minimal vale of V (X) we just take the first derivative

0 = dV (Y )/db = 46b− 72 ⇒ b = 72/46 = 1.565 ⇒ a = (8− 5b)/2 = 0.087.

5 (3 points)

The number of cars passing a bridge can be assumed to be Poisson distributed with a mean µ1 cars per minute from
North and a mean µ2 cars per minute from South. Suppose that the number of cars from North is independent of the
number of cars from South. During an hour there were 160 cars passed of which 90 cars were from North. Find a 95%
confidence interval for µ1 − µ2.
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Solution. Let

X = number of cars from North in an hour ∼ Po(60µ1) ≈ N(60µ1,
√

60µ1),

Y = number of cars from South in an hour ∼ Po(60µ2) ≈ N(60µ2,
√

60µ2).

Then

X − Y ≈ N(60µ1 − 60µ2,
√

60µ1 + 60µ2) ⇒ (X60 − Y
60 )− (µ1 − µ2)√

µ1+µ2

60

≈ N(0, 1).

Therefore, the confidence interval for µ1 − µ2 is

Iµ1−µ2
= (

x

60
− y

60
)∓ zα/2 ·

√
µ̂1 + µ̂2

60

= (
90

60
− 70

60
)∓ 1.96 ·

√
90/60 + 70/60

60

= 0.333∓ 1.96 · 0.211 = 0.333∓ 0.413 = (−0.08, 0.746).

6 (3 points)

One wishes to investigate whether or not the check out frequency in a certain library varies with the day of the week.
During a randomly chosen week one counts the number of books checked out at the individual days:

weekday Monday Tuesday Wednesday Thursday Friday
# books checked out 108 135 114 146 120

Test on a significance level α = 0.01 whether or not the check out frequency varies with the day of the week.

Solution. In this case,

H0 : p1 = p2 = p3 = p4 = p5 = 0.2 against H1 : some pi 6= 0.2.

Then the test statistic is

TS =

5∑

i=1

(Ni − npi)2

npi
= 7.8266,

and the rejection region is
C = (χ2

α(5− 1),+∞) = (13.28,+∞).

It is clear that TS /∈ C, so we don’t reject H0 (i.e. there is no evidence that frequency varies with the day of the week.
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Svensk Version

1 (3 poäng)

Antag att fördelningen av livslängden (enhet: år) för en viss typ av elektroniska komponenter är Exp(1/µ) där den
sanna genomsnittliga livslängden µ är okänd. Man valde 400 s̊adana elektroniska komponenter, och efter ett år arbetade
109 komponenter fortfarande (nämligen de andra 291 komponenterna bröts efter ett år). Basera p̊a denna information,
använd moment-metoden för att beräkna en punktskattning av µ.

2 (3 poäng)

Ett slumpmässigt stickprov {X1, . . . , Xn} tas fr̊an en population N(µ, σ) med okänd µ och känd σ.
(2.1). (1p) Beräkna en punktskattning av µ genom att använda Maximum Likelihood-metoden.
(2.2). (1p) Är denna punktskattning i (2.1) väntevärdesriktig? Varför?
(2.3). (1p) Är denna punktskattning i (2.1) konsistent? Varför?

3 (3 poäng)

Man önskar insamla ett slumpmässigt stickprov om n värden fr̊an en population Po(µ). Med hjälp av stickprovet avser
man att testa nollhypotesen H0 : µ = 4 mot den alternativa hypotesen H1 : µ > 4 p̊a s̊adant sätt att sannolikheten för
fel av första slaget är 0.05 och sannolikheten för fel av andra slaget är 0.01 med den sanna µ = 5. Hur skall n väljas?

4 (3 poäng)

Antag att X =

(
X1

X2

)
∼ N

((
2
5

)
,

(
4 1
1 3

))
. Man vill göra en linjärkombination Y = aX1 + bX2 s̊adan att

väntevärdet E(Y ) = 8 och variansen V (Y ) minimeras. Bestäm a och b.

5 (3 poäng)

Antalet bilar som passerar en bro kan antas vara Poissonfördelat med ett väntevärde µ1 bilar per minut norrut och ett
väntevärde µ2 bilar per minut söderut. Antag att antalet bilar norrut är oberoende av antalet bilar söderut. Under en
timme passerade 160 bilar varav 90 var norrut. Bilda ett approximativt 95% konfidensintervall för µ1 − µ2.

6 (3 poäng)

Man vill undersöka om utl̊aningsfrekvensen för ett bibliotek varierar med veckodag. Under en slumpmässigt vald vecka
erhölls följande resultat:

veckodag m̊andag tisdag onsdag torsdag fredag
# utl̊anade böcker 108 135 114 146 120

Testa p̊a signifikansniv̊an α = 0.01 huruvida utl̊aningen varierar med veckodag.
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µ
=
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(X
)

=
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∑
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X
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∞−∞
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x
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a
ria

n
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σ
2

=
V

(X
)

=
E

((X
−
µ

)
2)

=
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(X
2)−

(E
(X
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2;
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a
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ä
ssig

t
stick

p
ro

v
):
X

1 ,...,X
n

a
re

in
d

ep
en

d
en

t
an

d
h

av
e

th
e

sam
e

d
is-

trib
u
tio

n
a
s

th
e

p
op

u
lation

X
.

B
efo

re
ob

serv
e/

m
easu

re,
X

1 ,...,X
n

are
ra

n
d
om

variab
les,

an
d

after
o
b
serve/

m
easu

re,
w

e
u
se
x

1 ,...,x
n

w
h
ich

are
n
u

m
b

ers
(n

ot
ra

n
d
o
m

varia
b
les);

S
a
m

p
le

m
e
a
n

(S
tick

p
ro

v
sm

e
d

e
lv

ä
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1
X
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1
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B
efo
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S
2

=
1

n−
1 ∑

ni=
1 (X

i −
X̄

)
2,

an
d

after

ob
serve/m

ea
su

re,
s

2
=

1
n−

1 ∑
ni=

1 (x
i −

x̄
)
2;

S
a
m

p
le

sta
n

d
a
rd

d
e
v
ia

tio
n

(S
tick

p
ro

v
ssta

n
d

a
rd
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):
B

efore
o
b
serve/m

easu
re,

S
=
√
S

2,
an

d
a
fter

ob
serve/m

easu
re,

s
=
√
s

2;

E
(

n
∑i=

1

c
i X

i )
=

n
∑i=

1

c
i E

(X
i ),

V
(

n
∑i=

1

c
i X

i )
=

n
∑i=

1

c
2i V

(X
i ),

if
X

1 ,...,X
n

are
in

d
ep

en
d
en

t
(ob

ero
en

d
e);

If
X
∼
N

(µ
,σ

),
th

en
X
−
µ

σ
∼
N

(0,1
);

If
X

1 ,...,X
n

are
in

d
ep

en
d

en
t

an
d
X
i ∼

N
(µ
i ,σ

i ),
th

en

d
+

n
∑i=

1

c
i X

i ∼
N

(d
+

n
∑i=

1

c
i µ
i ,

√√√√
n
∑i=

1

c
2i σ

2i );

F
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r
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r
Θ̂

:∼
is

a
n

estim
a
te

of
th

e
stan

d
ard

d
ev

iation
D

(Θ̂
).

3
In

te
rv

a
l

e
stim

a
tio

n



O
n

e
sa

m
p

le

{
X

1 ,...,X
n }

from
N

(µ
,σ

)



I
µ

=


x̄
∓
λ
α
/
2
σ√n
,

if
σ

is
k
n

ow
n

; [fa
ct

X̄
−
µ

σ
/ √

n
∼
N

(0,1
) ]

x̄
∓
tα
/
2 (n
−

1
)
s
√
n
,

if
σ

is
u

n
k
n

ow
n
; [fact

X̄
−
µ

s/ √
n
∼
t(n
−

1) ]

I
σ
2

=

(
(n−

1
)s

2

χ
2α2

(n−
1
) ,

(n−
1
)s

2

χ
21−

α2
(n−

1
) )

; [fa
ct

(n−
1
)S

2

σ
2
∼
χ

2(n
−

1) ]

U
n
k
n
ow

n
σ

2
can

b
e

estim
a
ted

b
y

th
e

sam
p

le
va

ria
n
ce
s

2
=

1
n−

1 ∑
ni=

1 (x
i −

x̄
)
2

T
w

o
sa

m
p

le
s

{X
1 ,...,X

n
1 }

from
N

(µ
1 ,σ

1 );

{
Y

1 ,...,Y
n
2 }

from
N

(µ
2 ,σ

2 );

N
(µ

1 ,σ
1 )

a
n
d

N
(µ

2 ,σ
2 )

are

in
d
ep

en
d
en

t



I
µ
1 −
µ
2

=



(x̄
−
ȳ
)∓

λ
α
/
2 √

σ
21
n
1

+
σ
22
n
2 ,

if
σ

1
a
n
d
σ

2
are

k
n
ow

n
;


fact

(X̄
−
Ȳ

)−
(µ

1 −
µ
2
)

√
σ
21
n
1

+
σ
22
n
2

∼
N

(0,1) 

(x̄
−
ȳ
)∓

tα
/
2 (n

1
+
n

2 −
2
)·s· √

1n
1

+
1n
2 ,

if
σ

1
=
σ

2
=
σ

is
u
n
k
n
ow

n
;

[
fa

ct
(X̄
−
Ȳ

)−
(µ

1 −
µ
2
)

S· √
1n1

+
1n2

∼
t(n

1
+
n

2 −
2) ]

≈
(x̄
−
ȳ
)∓

tα
/
2 (f

)· √
s
21
n
1

+
s
22
n
2 ,

if
σ

1 6=
σ

2
b

oth
a
re

u
n
k
n
ow

n
;


fa

ct
(X̄
−
Ȳ

)−
(µ

1 −
µ
2
)

√
S
21
n
1

+
S
22
n
2

≈
t(f

) 
[

d
egrees

o
f

freed
o
m
f

=
(
s
21
/
n
1
+
s
22
/
n
2 )

2

(s
21
/
n
1
) 2

n
1 −

1
+

(s
22
/
n
2
) 2

n
2 −

1

]

I
σ
2

=

(
(n

1
+
n
2 −

2
)s

2

χ
2α2

(n
1
+
n
2 −

2
) ,

(n
1
+
n
2 −

2
)s

2

χ
21−

α2
(n

1
+
n
2 −

2
) )

,
if
σ

1
=
σ

2
=
σ

;
[fact

(n
1
+
n
2 −

2
)S

2

σ
2

∼
χ

2(n
1

+
n

2 −
2) ]

U
n
k
n
ow

n
σ

2
can

b
e

estim
a
ted

b
y

th
e

sam
p

les
va

ria
n
ce
s

2
=

(n
1 −

1
)s

21
+

(n
2 −

1
)s

22
n
1
+
n
2 −

2

m
sa

m
p

le
s:

T
h
e

u
n
k
n
ow

n
σ

21
=
...

=
σ

2m
=
σ

2
ca

n
b

e
estim

ated
b
y
s

2
=

(n
1 −

1
)s

21
+
...+

(n
m
−

1
)s

2m

(n
1 −

1
)+
...+

(n
m
−

1
)
.

3/
1
0

{
X

1 ,...,X
n }

from
N

(µ
,σ

)

{
X

1 ,...,X
n
1 }

from
N

(µ
1 ,σ

1 )
{
Y

1 ,...,Y
n
2 }

from
N

(µ
2 ,σ

2 )

N
(µ

1 ,σ
1 )

in
d
ep

.
N

(µ
2 ,σ

2 )

R
e
m

a
rk

:
T

h
e

id
ea

of
u
sin

g
fact

to
fi
n
d

co
n
fi
d
en

ce
in

terva
ls

is
v
ery

im
p

o
rtan

t.
T

h
ere

a
re

a
lot

m
o
re

d
iff

e-
ren

t
con

fi
d

en
ce

in
tervals

b
esid

es
a
b

ove.
F

o
r

in
sta

n
ce,

w
e

co
n
sid

er
tw

o
in

d
ep

en
d
en

t
sam

p
les:{X

1 ,...,X
n
1 }

from
N

(µ
1 ,σ

)
an

d
{
Y

1 ,...,Y
n
2 }

fro
m
N

(µ
2 ,σ

).
In

th
is

case,
w

e
can

ea
sily

p
rove

th
at

c
1 X̄

+
c

2 Ȳ
∼
N


c

1 µ
1

+
c

2 µ
2 ,

σ √
c

21

n
1

+
c

22

n
2 

.

•
If
σ

is
k
n

ow
n
,

th
en

fact
(c

1
X̄

+
c
2
Ȳ

)−
(c

1
µ
1
+
c
2
µ
2
)

σ √
c
21
n
1

+
c
22
n
2

∼
N

(0,1
).

S
o

w
e

ca
n

fi
n

d
I
c
1
µ
1
+
c
2
µ
2 ;

•
If
σ

is
u
n

k
n

ow
n

,
th

en
fa

ct
(c

1
X̄

+
c
2
Ȳ

)−
(c

1
µ
1
+
c
2
µ
2
)

S √
c
21
n
1

+
c
22
n
2

∼
t(n

1
+
n

2 −
2
).

S
o

w
e

can
fi
n

d
I
c
1
µ
1
+
c
2
µ
2 .

3.1
C

o
n

fi
d
e
n

ce
in

te
rv

a
ls

fro
m

n
o
rm

a
l

a
p
p
ro

x
im

a
tio

n
s.

X
∼
B
in

(N
,p

)
:
I
p

=
p̂∓

λ
α
/
2 √

p̂
(1−

p̂
)

N
,

fa
ct

P̂
−
p

√
P̂

(1−
P̂

)
N

≈
N

(0,1
).

(w
e

req
u

ire
th

at
N
p̂
>

10
an

d
N
p̂
(1−

p̂
)
>

1
0
)

X
∼
H
y
p
(N
,n
,p

)
:
I
p

=
p̂∓

λ
α
/
2 √

N
−
n

N
−

1
·

1n
·
p̂
(1−

p̂
),

fact
P̂
−
p

√
N
−
n

N
−

1 ·
1n
·P̂

(1−
P̂

)
≈
N

(0,1
).

X
∼
P
o(µ

)
:
I
µ

=
x̄
∓
λ
α
/
2 √

x̄n
,

fa
ct
X̄
−
µ

√
X̄n

≈
N

(0,1
).

(w
e

req
u

ire
th

at
n
x̄
>

1
5)

X
∼
E
x
p
(
1µ

)
:
•
I
µ

=


x̄

1
+

λ
α
/
2

√
n

,
x̄

1−
λ
α
/
2

√
n


,

fact
X̄
−
µ

µ
/ √

n
≈
N

(0,1
),

•
I
µ

=
x̄
∓
λ
α
/
2
x̄√n
,

fa
ct

X̄
−
µ

X̄
/ √

n
≈
N

(0,1
).

(w
e

req
u
ire

th
a
t
n
≥

3
0)

R
e
m

a
rk

:
A

gain
th

ere
are

m
ore

con
fi

d
en

ce
in

tervals
b

esid
es

ab
ove.

F
o
r

in
stan

ce,
w

e
co

n
sid

er
tw

o
in

d
e-

p
en

d
en

t
sam

p
les:

X
from

B
in

(N
1 ,p

1 )
an

d
Y

fro
m
B
in

(N
2 ,p

2 ),
w

ith
u
n
k
n
ow

n
p

1
an

d
p

2 .
A

s
w

e
k
n

ow

P̂
1 ≈

N


p

1 , √
p

1 (1−
p

1 )

n
1


a
n
d
P̂

2 ≈
N


p

2 , √
p

2 (1−
p

2 )

n
2


,

so
P̂

1 −
P̂

2 ≈
N

(
p

1 −
p

2 , √
p
1
(1−

p
1
)

n
1

+
p
2
(1−

p
2
)

n
2

)
.

T
h
erefore,

fa
ct

is
(P̂

1 −
P̂
2
)−

(p
1 −
p
2
)

√
P̂
1
(1−

P̂
1
)

n
1

+
P̂
2
(1−

P̂
2
)

n
2

≈
N

(0,1)
,

I
p
1 −
p
2

=
(p̂

1 −
p̂

2 )∓
λ
α
/
2 √

p̂
1 (1−

p̂
1 )

n
1

+
p̂

2 (1−
p̂

2 )

n
2

.

3.2
C

o
n

fi
d
e
n

ce
in

te
rv

a
ls

fro
m

th
e

ra
tio

o
f

tw
o

p
o
p
u

la
tio

n
v
a
ria

n
ce

s.

4
/
10



S
u
p
p

o
se

th
ere

a
re

tw
o

in
d

ep
en

d
en

t
sam

p
les{X

1 ,...,X
n
1 }

from
N

(µ
1 ,σ

1 ),an
d
{
Y

1 ,...,Y
n
2 }

from
N

(µ
2 ,σ

2 ).

T
h
en

(n
1 −

1
)S

21

σ
21

∼
χ

2(n
1 −

1)
a
n
d

(n
2 −

1
)S

22

σ
22

∼
χ

2(n
2 −

1
),

th
erefore

S
21 /σ

21

S
22 /σ

22

∼
F

(n
1 −

1
,n

2 −
1
),

fa
ct.

T
h
u
s

I
σ
22
/
σ
21

=

(
s

22

s
21 ·
F

1−
α2

(n
1 −

1,n
2 −

1
),

s
22

s
21 ·
F
α2

(n
1 −

1,n
2 −

1) )
.

3.3
L

a
rg

e
sa

m
p
le

size
(n
≥

30,
p
o
p
u

la
tio

n
m

a
y

be
co

m
p
le

te
ly

u
n

k
n

o
w

n
).

If
th

ere
is

n
o

in
form

a
tion

ab
ou

t
th

e
p

op
u
latio

n
(s),

th
en

w
e

ca
n

ap
p
ly

C
en

tra
l

L
im

it
T

h
eorem

(u
su

ally
w

ith
a

large
sam

p
le
n
≥

3
0)

to
g
et

a
n

a
p
p
rox

im
a
ted

n
orm

al
d

istrib
u
tion

s.
H

ere
are

tw
o

ex
am

p
les:

E
x
a
m

p
le

1
:

L
et{X

1 ,...,X
n }
,n
≥

3
0,

b
e

a
ra

n
d
o
m

sa
m

p
le

fro
m

a
p

o
p
u
la

tion
,

th
en

(n
o

m
atter

w
h
at

d
istrib

u
tio

n
th

e
p

op
u
lation

is)
X̄
−
µ

s/ √
n
≈
N

(0,1).

E
x
a
m

p
le

2
:

L
et{

X
1 ,...,X

n
1 }
,n

1 ≥
30,

b
e

a
ra

n
d
o
m

sam
p
le

fro
m

a
p

o
p
u
la

tion
,
an

d
{Y

1 ,...,Y
n
2 }
,n

2 ≥
3
0,

b
e

a
ra

n
d
o
m

sam
p

le
fro

m
a
n
oth

er
p

o
p
u
la

tion
w

h
ich

is
in

d
ep

en
d

en
t

fro
m

th
e

fi
rst

p
op

u
lation

,
th

en
(n

o
m

a
tter

w
h
at

d
istrib

u
tion

s
th

e
p

op
u

lation
s

a
re)

(X̄
−
Ȳ

)−
(µ

1 −
µ

2 )
√

s
21
n
1

+
s
22
n
2

≈
N

(0,1).

4
H

y
p

o
th

e
sis

te
stin

g

4
.1

O
n

e
sa

m
p
le

a
n
d

th
e

g
e
n

e
ra

l
th

eo
ry

o
f

h
y
p

o
th

e
sis

te
stin

g

S
u

p
p

o
se

th
ere

is
a

ra
n
d
o
m

sam
p
le
{X

1 ,...,X
n }

fro
m

a
p

op
u

latio
n
X

w
ith

an
u
n
k
n
ow

n
p
aram

eter
θ,

H
0

:
θ

=
θ

0
v
s.

H
1

:
θ
<
θ

0 ,
o
r
θ
>
θ

0 ,
or
θ
6=
θ

0

H
0

is
tru

e
H

0
is

false
an

d
θ

=
θ

1

reject
H

0
(ty

p
e

I
error

or
sig

n
ifi

can
ce

level)
α

(p
ow

er)
h

(θ
1 )

d
o
n
’t

reject
H

0
1−

α
(ty

p
e

II
error)

β
(θ

1 )
=

1−
h

(θ
1 )

R
eg

ard
in

g
th

e
p
-va

lu
e
:

reject
H

0
if
a
n
d
o
n
ly

if
p
-va

lu
e
<
α
.

F
or

n
otatio

n
al

sim
p
licity,

w
e

em
p
loy

T
S

:=
“
test

sta
tistic”

;
an

d
C

:=
“
critica

l
reg

io
n
”
.

reject
H

0
if

T
S
∈

C
;

reject
H

0
if
a
n
d
o
n
ly

if
p
-va

lu
e
<
α
.

5/
1
0

4
.2

H
y
p

o
th

e
sis

te
stin

g
fo

r
p

o
p
u
la

tio
n

m
e
a
n
(s)

O
n
e

sa
m

p
le:{

X
1 ,...,X

n }
from

N
(µ
,σ

).
N

u
ll

h
y
p

oth
esis

H
0

:
µ

=
µ

0 .



σ
is

k
n

ow
n

:
X̄
−
µ

σ
/ √

n
∼
N

(0,1) 

H
1

:
µ
<
µ

0
:

T
S

=
x̄−

µ
0

σ
/ √

n
,

C
=

(−
∞
,−
λ
α
),

p
-valu

e
=
P

(N
(0,1)≤

T
S

);

H
1

:
µ
>
µ

0
:

T
S

=
x̄−

µ
0

σ
/ √

n
,

C
=

(λ
α
,+
∞

),

p
-valu

e
=
P

(N
(0,1)≥

T
S

);

H
1

:
µ
6=
µ

0
:

T
S

=
x̄−

µ
0

σ
/ √

n
,

C
=

(−
∞
,−
λ
α
/
2 )
∪

(λ
α
/
2 ,+
∞

),

p
-valu

e
=

2P
(N

(0,1
)≥
|T

S|).

σ
is

u
n

k
n

ow
n
:

X̄
−
µ

s/ √
n
∼
t(n
−

1) 

H
1

:
µ
<
µ

0
:

T
S

=
x̄−

µ
0

s/ √
n
,

C
=

(−
∞
,−
tα

(n
−

1
)),

p
-valu

e
=
P

(t(n
−

1)≤
T

S
);

H
1

:
µ
>
µ

0
:

T
S

=
x̄−

µ
0

s/ √
n
,

C
=

(tα
(n
−

1),+
∞

),

p
-va

lu
e

=
P

(t(n
−

1)≥
T

S
);

H
1

:
µ
6=
µ

0
:

T
S

=
x̄−

µ
0

s/ √
n
,

C
=

(−
∞
,−
tα
/
2 (n
−

1
))
∪

(tα
/
2 (n
−

1
),+
∞

),

p
-valu

e
=

2P
(t(n
−

1)≥
|T

S|).

T
w

o
sam

p
les:{

X
1 ,...,X

n
1 }

from
N

(µ
1 ,σ

1 );{
Y

1 ,...,Y
n
1 }

from
N

(µ
2 ,σ

2 );
N

u
ll

h
y
p

oth
esis

H
0

:
µ

1
=
µ

2 .



σ
1 ,σ

2
a
re

k
n

ow
n

:
(X̄
−
Ȳ

)−
(µ

1 −
µ
2
)

√
σ
21
n
1

+
σ
22
n
2

∼
N

(0,1) 

H
1

:
µ

1
<
µ

2
:

T
S

=
(x̄−

ȳ
)

√
σ
21
n
1

+
σ
22
n
2

,
C

=
(−
∞
,−
λ
α
),

p
-valu

e
=
P

(N
(0,1

)≤
T

S
);

H
1

:
µ

1
>
µ

2
:

T
S

=
(x̄−

ȳ
)

√
σ
21
n
1

+
σ
22
n
2

,
C

=
(λ
α
,+
∞

),

p
-valu

e
=
P

(N
(0,1

)≥
T

S
);

H
1

:
µ

1 6=
µ

2
:

T
S

=
(x̄−

ȳ
)

√
σ
21
n
1

+
σ
22
n
2

,
C

=
(−
∞
,−
λ
α
/
2 )
∪

(λ
α
/
2 ,+
∞

),

p
-valu

e
=

2P
(N

(0,1)≥
|T

S|).

σ
1

=
σ

2
is

u
n
k
n
ow

n
:

(X̄
−
Ȳ

)−
(µ

1 −
µ
2
)

S √
1n1

+
1n2

∼
t(n

1
+
n

2 −
2) 

H
1

:
µ

1
<
µ

2
:

T
S

=
(x̄−

ȳ
)

s √
1n1

+
1n2

,
C

=
(−
∞
,−
tα

(n
1

+
n

2 −
2
)),

p
-valu

e
=
P

(t(n
1

+
n

2 −
2)≤

T
S
);

H
1

:
µ

1
>
µ

2
:

T
S

=
(x̄−

ȳ
)

s √
1n1

+
1n2

,
C

=
(tα

(n
1

+
n

2 −
2),+

∞
),

p
-va

lu
e

=
P

(t(n
1

+
n

2 −
2)≥

T
S
);

H
1

:
µ

1 6=
µ

2
:

T
S

=
(x̄−

ȳ
)

s √
1n1

+
1n2

,
C

=
(−
∞
,−
tα
/
2 (n

1
+
n

2 −
2))

∪
(tα

/
2 (n

1
+
n

2 −
2
),+
∞

),

p
-va

lu
e

=
2P

(t(n
1

+
n

2 −
2
)≥
|T

S|).

σ
1 6=

σ
2

b
oth

u
n
k
n

ow
n
:

sim
ila

rly
as

in
th

e
tree

of
con

fi
d
en

ce
in

tervals.

6
/1

0



4
.3

H
y
p

o
th

e
sis

te
stin

g
fo

r
p

o
p
u
la

tio
n

v
a
ria

n
ce

(s)



{X
1 ,...,X

n
1 }

from
N

(µ
,σ

)
(n−

1
)S

2

σ
2
∼
χ

2(n
−

1
)

H
0

:
σ

2
=
σ

20



H
1

:
σ

2
<
σ

20
:

T
S

=
(n−

1
)s

2

σ
20

,
C

=
(0,χ

21−
α
(n
−

1)),

p
-valu

e
=
P

(χ
2(n
−

1)≤
T

S
);

H
1

:
σ

2
>
σ

20
:

T
S

=
(n−

1
)s

2

σ
20

,
C

=
(χ

2α
(n
−

1
),+
∞

),

p
-va

lu
e

=
P

(χ
2(n
−

1
)≥

T
S
);

H
1

:
σ

26=
σ

20
:

T
S

=
(n−

1
)s

2

σ
20

,
C

=
(0,χ

21−
α2

(n
−

1))
∪

(χ
2α2

(n
−

1),+
∞

),

p
-va

lu
e

=
2P

(χ
2(n
−

1)≥
T

S
)

or
2P

(χ
2(n
−

1)≤
T

S
).

{
X

1 ,...,X
n
1 }

from
N

(µ
1 ,σ

1 )

{
Y

1 ,...,Y
n
2 }

from
N

(µ
2 ,σ

2 )
S
21
/
σ
21

S
22
/
σ
22
∼
F

(n
1 −

1
,n

2 −
1)

H
0

:
σ

21
=
σ

22



H
1

:
σ

21
<
σ

22
:

T
S

=
s

21 /s
22 ,

C
=

(0,F
1−
α
(n

1 −
1,n

2 −
1)),

p
-va

lu
e

=
P

(F
(n

1 −
1
,n

2 −
1
)≤

T
S

);

H
1

:
σ

21
>
σ

22
:

T
S

=
s

21 /s
22 ,

C
=

(F
α
(n

1 −
1
,n

2 −
1),+

∞
),

p
-valu

e
=
P

(F
(n

1 −
1
,n

2 −
1
)≥

T
S
);

H
1

:
σ

21 6=
σ

22
:

T
S

=
s

21 /
s

22 ,
C

=
(0,F

1−
α2

(n
1 −

1
,n

2 −
1
))

∪
(F

α2
(n

1 −
1,n

2 −
1
),+
∞

),

p
-va

lu
e

=
2P

(F
(n

1 −
1
,n

2 −
1
)≥

T
S
)

or
2
P

(F
(n

1 −
1,n

2 −
1
)≤

T
S
).

4
.4

L
a
rg

e
sa

m
p
le

size
(n
≥

30,
p

o
p
u
la

tio
n

m
a
y

b
e

co
m

p
le

te
ly

u
n
k
n
o
w

n
)

If
th

ere
is

n
o

in
form

a
tion

a
b

ou
t

th
e

p
op

u
latio

n
(s),

th
en

w
e

ca
n

ap
p
ly

C
en

tra
l

L
im

it
T

h
eorem

(u
su

ally
w

ith
a

larg
e

sa
m

p
le
n
≥

30).
T

h
e

id
ea

is
ex

actly
th

e
sam

e
as

th
e

o
n
e

u
sed

in
con

fi
d

en
ce

in
tervals.

O
n

e
e
x
a
m

p
le

is:
a

sam
p
le
{
X

1 ,...,X
n }
,n
≥

30,
fro

m
som

e
p

o
p
u
la

tion
(w

h
ich

is
u

n
k
n

ow
n
)

w
ith

a
m

ean
µ

an
d

stan
d
a
rd

d
ev

iatio
n
σ
.

N
u
ll

h
y
p

oth
esis

H
0

:
µ

=
µ

0 .
T

h
en

it
follow

s
fro

m
C

L
T

th
at

X̄
−
µ

s/ √
n
≈
N

(0,1),

th
erefore



H
1

:
µ
<
µ

0
:

T
S

=
x̄−

µ
0

s/ √
n
,

C
=

(−
∞
,−
λ
α
),

p
-va

lu
e

=
P

(N
(0,1

)≤
T

S
);

H
1

:
µ
>
µ

0
:

T
S

=
x̄−

µ
0

s/ √
n
,

C
=

(λ
α
,+
∞

),

p
-valu

e
=
P

(N
(0,1)≥

T
S
);

H
1

:
µ
6=
µ

0
:

T
S

=
x̄−

µ
0

s/ √
n
,

C
=

(−
∞
,−
λ
α
/
2 )
∪

(λ
α
/
2 ,+
∞

),

p
-va

lu
e

=
2P

(N
(0,1

)≥
|T

S|).

5
M

u
lti-d

im
e
n
sio

n
ra

n
d
o
m

v
a
ria

b
le

s
(o

r
ra

n
d
o
m

v
e
cto

rs)

C
o
v
a
ria

n
c
e

(K
o
v
a
ria

n
s)

o
f

(X
,Y

):
σ
X
,Y

=
cov

(X
,Y

)
=
E

[(X
−
µ
X

)(Y
−
µ
Y

)],
(cov

(X
,X

)
=
V

(X
)).

C
o
rre

la
tio

n
c
o
e
ffi

c
ie

n
t

(K
o
rre

la
tio

n
)

o
f

(X
,Y

):
ρ
X
,Y

=
co
v
(X
,Y

)
√
V

(X
)·V

(Y
)

=
σ
X
,Y

σ
X
·σ
Y
.

A
ru

le
:

fo
r

rea
l

co
n
stan

ts
a
,a
i ,b

an
d
b
j ,

cov
(a

+

m
∑i=

1

a
i X

i ,b
+

n
∑j=

1

b
j Y
j )

=

m
∑i=

1

n
∑j=

1

a
i b
j cov

(X
i ,Y

j ).

7/
1
0

X
a
n

d
Y

a
re

u
n

c
o
rre

la
te

d
:

if
cov

(X
,Y

)
=

0.

A
n

im
p

o
rta

n
t

th
e
o
re

m
:

S
u
p
p

o
se

th
at

a
ra

n
d
o
m

vector
X

h
as

a
m

ean
µ
X

a
n
d

a
covarian

ce
m

atrix
C
X
.

D
efi

n
e

a
n
ew

ran
d

om
vector

Y
=
A

X
+

b
,

fo
r

som
e

m
atrix

A
a
n
d

vecto
r

b
.

T
h
en

µ
Y

=
A
µ
X

+
b
,

C
Y

=
A
C
X
A
′.

S
ta

n
d

a
rd

n
o
rm

a
l

v
e
c
to

rs:{X
i }

are
in

d
ep

en
d
en

t
a
n
d
X
i ∼

N
(0,1),

X
=



X
1

X
2...

X
n 

,
th

u
s

µ
X

=



00...0 
,

C
X

=



1
0
···

0
0

1
···

0
...

...
...

0
0
···

1 
,

d
en

sity
f
X

(x
)

=
1

( √
2π

)
n
e −

12
x
′x
.

G
e
n

e
ra

l
n

o
rm

a
l

v
e
c
to

rs:
Y

=
A

X
+

b
,

w
h

ere
X

is
a

sta
n
d
a
rd

n
o
rm

al
vecto

r,
an

d

µ
Y

=
b
,

C
Y

=
A
A
′,

d
en

sity
f
Y

(y
)

=
1

( √
2π

)
n √

d
et(C

Y
) e −

12 [ (y−
µ
y

) ′C
−
1

Y
(y−

µ
y

)].

6
(S

im
p
le

a
n
d

m
u
ltip

le
)

L
in

e
a
r

re
g
re

ssio
n
s

S
im

p
le

lin
e
a
r

re
g
re

ssio
n

:
Y
j

=
β

0
+
β

1 x
j

+
ε
j ,

ε
j ∼

N
(0,σ

),j
=

1,...,n
.

M
u

ltip
le

lin
e
a
r

re
g
re

ssio
n

:
Y
j

=
β

0
+
β

1 x
j1

+
β

2 x
j2

+
...

+
β
k x

jk
+
ε
j ,

ε
j ∼

N
(0,σ

),j
=

1,...,n
.

B
oth

‘S
im

p
le

lin
ear

regression
’

an
d

‘M
u
ltip

le
lin

ea
r

reg
ression

’
ca

n
b

e
w

ritten
a
s

v
ector

fo
rm

s:

Y
=

X
β

+
ε

:
Y

=



Y
1

Y
2...Y
n 

,X
=



1
x

1
1
···

x
1
k

1
x

2
1
···

x
2
k

...
...

...
1

x
n

1
···

x
n
k 

,β
=


β

0...β
k 

,ε
∼
N

(0
,σ

2I
n×

n
).

Y
∼
N

(µ
Y
,C

Y
),

w
h
ere

µ
Y

=
X
β

a
n
d
C
Y

=
σ

2I
n×

n
.

E
stim

a
te

o
f

th
e

c
o
e
ffi

c
ie

n
t
β

:
β̂

=
(X
′X

) −
1
X
′y
.

E
stim

a
to

r
o
f

th
e

c
o
e
ffi

c
ie

n
t
β

:
B̂

=
(X
′X

) −
1
X
′Y
∼
N
(
β
,σ

2
(X
′X

) −
1 )
.

E
stim

a
te

d
lin

e
is:

µ̂
j

=
β̂

0
+
β̂

1 x
j1

+
β̂

2 x
j2

+
...

+
β̂
k x

jk .

A
n

a
ly

sis
o
f

v
a
ria

n
c
e
:

S
S
T
O
T

=

n
∑j=

1 (y
j −

ȳ
)
2,

S
S
T
O
T

σ
2

=

∑
nj=

1 (Y
j −

Ȳ
)
2

σ
2

∼
χ

2(n
−

1
),

if
β

1
=
...

=
β
k

=
0
;

S
S
R

=

n
∑j=

1 (µ̂
j −

ȳ
)
2,

S
S
R

σ
2

=

∑
nj=

1 (µ̂
j −

Ȳ
)
2

σ
2

∼
χ

2(k
),

if
β

1
=
...

=
β
k

=
0;

S
S
E

=
n
∑j=

1 (y
j −

µ̂
j )

2,
S
S
E

σ
2

=

∑
nj=

1 (Y
j −

µ̂
j )

2

σ
2

∼
χ

2(n
−
k−

1
).

8
/
10



S
S
T
O
T

=
S
S
R

+
S
S
E
,

an
d
R

2
=

S
S
R

S
S
T
O
T
.

∗∗∗
σ

2
is

estim
a
ted

as
σ̂

2
=
S

2
=

S
S
E

n−
k−

1 .

∗∗∗
F

or
th

e
H

y
p

oth
esis

testin
g:
H

0
:
β

1
=
...

=
β
k

=
0

v
s
H

1
:

at
lea

st
on

e
β
j 6=

0,



S
S
R
/
k

S
S
E
/
(n−

k−
1
) ∼

F
(k
,n
−
k−

1
)

T
S

=
S
S
R
/
k

S
S
E
/
(n−

k−
1
)

C
=

(F
α
(k
,n
−
k−

1
),+
∞

).

∗∗∗
W

e
k
n

ow
B̂

=
(X
′X

) −
1
X
′Y
∼
N
(
β
,σ

2
(X
′X

) −
1 )
,

th
u
s

if
w

e
d
en

ote

(X
′X
)−

1
=



h
0
0

h
0
1
···

h
0
k

h
1
0

h
1
1
···

h
1
k

...
...

...
h
k
1

h
k
2
···

h
k
k 

,

th
en

B̂
j ∼

N
(β
j ,σ √

h
jj )

an
d

B̂
j −
β
j

σ √
h
j
j ∼

N
(0,1).

B
u
t
σ

is
gen

era
lly

u
n
k
n
ow

n
,

th
erefore

B̂
j −

β
j

S √
h
jj

∼
t(n
−
k−

1),
[s √

h
jj

is
som

etim
es

d
en

oted
a
s
d
(β̂
j )

or
se(β̂

j ) ]
.

C
on

fi
d

en
ce

in
terval

of
β
j

is:
I
β
j

=
β̂
j ∓

tα
/
2 (n
−
k−

1
)·s √

h
jj ;

H
y
p

oth
esis

testin
g
H

0
:
β
j

=
0

v
s
H

1
:
β
j 6=

0
h
a
s


T

S
=

β̂
j

s √
h
j
j

C
=

(−
∞
,−
tα
/
2 (n
−
k−

1
))
∪

(tα
/
2 (n
−
k−

1
),+
∞

).

R
ew

rite
sim

p
le

an
d

m
u
ltip

le
lin

ear
regressio

n
s

as
fo

llow
s:

Y
=
β

0
+
β

1 x
1

+
...

+
β
k x

k
+
ε,

ε∼
N

(0,σ
),

(th
e

m
o
d

el);

µ
=
E

(Y
)

=
β

0
+
β

1 x
1

+
...

+
β
k x

k ,
(th

e
m

ea
n
);

µ̂
=
β̂

0
+
β̂

1 x
1

+
...

+
β̂
k x

k ,
(th

e
estim

ated
lin

e).

F
o
r

a
given

/fi
x
ed

x
=

(1,x
1 ,...,x

k ) ′,
th

e
scala

r
µ̂

is
a
n

estim
a
te

of
u
n
k
n
ow

n
µ

(an
d
Y

).
T

h
en

w
e

can
ta

lk
a
b

ou
t

‘accu
ra

cy
’

of
th

is
estim

a
te

in
term

s
o
f

co
n
fi
d

en
ce

in
terva

ls
(an

d
p
red

iction
in

terva
ls).

C
o
n

fi
d

e
n

c
e

in
te

rv
a
l

o
f
µ
:
I
µ

=
µ̂
∓
tα
/
2 (n
−
k−

1
)·
s· √

x
′(X

′X
) −

1
x
.

P
re

d
ic

tio
n

in
te

rv
a
l

o
f
Y

:
I
Y

=
µ̂
∓
tα
/
2 (n
−
k−

1)·
s· √

1
+

x
′(X

′X
) −

1
x
.

S
u
p

p
ose

w
e

h
ave

tw
o

m
o
d
els:

{
M

o
d
el

1
:

Y
=
β

0
+
β

1 x
1

+
...

+
β
k x

k
+
ε;

M
o
d
el

2
:

Y
=
β

0
+
β

1 x
1

+
...

+
β
k x

k
+
β
k
+

1 x
k
+

1
+
...

+
β
k
+
p x
k
+
p

+
ε,

9/
1
0

an
d

w
e

w
an

t
to

test
H

0
:
β
k
+

1
=
...

=
β
k
+
p

=
0

v
s
H

1
:

a
t

lea
st

o
n
e
β
k
+
i 6=

0,



(S
S
(1

)
E
−
S
S
(2

)
E

)/
p

S
S
(2

)
E
/
(n−

k−
p−

1
) ∼

F
(p
,n
−
k−

p−
1
)

T
S

=
(S
S
(1

)
E
−
S
S
(2

)
E

)/
p

S
S
(2

)
E
/
(n−

k−
p−

1
)

C
=

(F
α
(p
,n
−
k−

p−
1),+

∞
).

V
a
ria

b
le

se
le

c
tio

n
.

If
w

e
h

av
e

a
resp

on
se

varia
b
le
y

w
ith

p
o
ssib

ly
m

a
n
y

p
red

icto
rs
x

1 ,...,x
k ,

th
en

h
ow

to
ch

o
ose

ap
p
rop

riate
x

’s
(som

e
x

’s
are

u
sefu

l
to
Y
,

an
d

som
e

are
n
ot):

S
tep

1:
corr([x

1 ,...,x
k ],y

),
ch

o
o
se

a
m

a
x
im

a
l

correla
tion

(say
x
i ),

Y
=
β

0
+
β
i x
i
+
ε,

test
if
β
i

=
0?

S
tep

2:
d
o

regression
Y

=
β

0
+
β
i x
i +

β∗ x
∗

+
ε

fo
r∗

=
1,...,i−

1
,i

+
1,...,k

,
ch

o
ose

a
m

in
im

al
S
S
E

(say
x
j ),

Y
=
β

0
+
β
i x
i
+
β
j x
j

+
ε,

test
if
β
j

=
0?

S
tep

3:
rep

ea
t

S
tep

2
u
n
til

th
e

last
test

for
β

=
0

is
n
o
t

rejected
.

7
B

a
sic

χ
2-te

st

S
u
p

p
ose

w
e

w
an

t
to

test

{
H

0
:
X
∼

d
istrib

u
tion

(w
ith

o
r

w
ith

o
u
t

u
n
k
n

ow
n

p
a
ra

m
eters);

H
1

:
X

�
d
istrib

u
tion

(w
ith

or
w

ith
ou

t
u
n
k
n
ow

n
p
a
ra

m
eters).

T
h

en



fact
is

: ∑
ki=

1
(N

i −
n
p
i )

2

n
p
i
∼
χ

2(k−
1−

#
o
f

u
n
k
n
ow

n
p
a
ra

m
eters);

T
S

=
∑

ki=
1

(N
i −
n
p
i )

2

n
p
i

;

C
=
(χ

2α
(k−

1−
#

o
f

u
n
k
n
ow

n
p
a
ra

m
eters),

+
∞
)
.

H
o
m
ogen

eity
test.

S
u
p

p
ose

w
e

h
ave

a
d
ata

w
ith

r
row

s
an

d
k

co
lu

m
n

s,

{
H

0
:

d
iff

eren
t

row
s

h
ave

a
sa

m
e

p
a
ttern

(in
term

s
of

co
lu

m
n
s);

H
1

:
d

iff
eren

t
row

s
h
ave

d
iff

eren
t

p
a
ttern

s
(in

term
s

o
f

colu
m

n
s).

E
q
u

ivalen
tly,

{
H

0
:

row
s

a
n
d

colu
m

n
s

a
re

in
d
ep

en
d
en

t;

H
1

:
row

s
a
n
d

colu
m

n
s

a
re

n
ot

in
d

ep
en

d
en

t.

T
h

en


fact
is

: ∑
kj=

1 ∑
ri=

1
(N

ij −
n
p
ij )

2

n
p
ij

∼
χ

2((r−
1)(k−

1
));

T
S

=
∑

kj=
1 ∑

ri=
1

(N
ij −

n
p
ij )

2

n
p
ij

;

C
=
(χ

2α
((r−

1
)(k−

1
)),

+
∞
)
,

w
h

ere
p
ij

=
p
i ·
q
j

are
th

e
th

eoretical
p
rob

a
b
ilities.1
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