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Examination Probability Theory

Linkopings Universitet, IDA, Statistik

Course code and name: 732A63 Probability Theory

Date: 2018/12/10, 8-12
Examinator: Krzysztof Bartoszek phone 013281 885
Allowed aids: Pocket calculator

Table with common formulae and moment generating functions
(distributed with the exam)
Table of integrals (distributed with the exam)
Table with distributions from Appendix B in the course book
(distlibuted with the exam)
Grades: = [19 — 20] points
[17 — 19) points
[12 — 17) points
[10 — 12) points
[8 — 10) points
F= [0 — 8) points
Instructions: Write clear and concise answers to the questions.
Make sure to specify the support region for all density functions.
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Problem 1 (5p)

The joint density function of X and Y is given by

_ c-zy a:,y>0,4£l:2+y2S1
fxy (@, y) = { 0 otherwise.

Compute ¢, the marginal densities, and the conditional expectations E [Y|X = z] and E [X]Y = y].

Problem 2 (5p)

Suppose X has probability function px (k) = (1 —0)6*1, k=1,2,..., for 0 <6 <1 and that ¥
has density function fy(y) =2y, 0 <y <1

a) Derive the probability generating function of X.

b) Derive the moment generating function of Y.
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c) Let Sx = Y1+ Y, + ...+ Yy be the sum of X iid. random variables with the same
distribution as Y in (b) and assume that Y7, Y, ..., Yy are all independent of X, where X
is distributed as in (a). Compute the characteristic function of S.

Problem 3 (5p)

Denote by ®(x) the cumulative distribution function of the standard normal random distribution,

N(0,1).
a) Show that for every y € R it holds that ®(y) + ®(—y) = 1.

b) Let X ~ N(u,0?). For any ¢ > 0 express (with justification) P(u — co < X < p+co) in
terms of ().

Problem 4 (5p)

Recall that convergence in probability for a sequence of random variables X,, — 0 is defined as

n-+0

P(|X,] >¢) — 0,

for every e > 0. Show that if for a sequence of random variables it holds that

then X,, — 0 in probability
TIP: Notice that the function g(u) = u/(1 + u) is strictly increasing for u > 0.




Discrete Distributions

' Followingis a list of discrete distributions, abbreviations, their probability functions, means, variances, and characteristic functions.
An asterisk (*) indicates that the expression is too complicated to present here; in some cases a closed formuia does not even exist.

282

Distribution, notation Probability function EX Var X px(t) o
o]
One point pla) =1 a 0 eite g
§(a) @
=
Symmetric Bernoulli p(—1) = p(1)=3 0 1 cost z
Bernoulli p(0)=¢q, p(1)=p; g=1-9p p pq g+ pe't g
Be(p),0<p<1 é-
Binomial plk) = (:)qun_k, k=0,1,...,n; g=1-p np npg (g + pe)" §
Bin{n,p), n=1,2,...,,0<p<1 3
i gk ko= R q g P =
Geometric pk)=pg, k=0,1,2,...;9g=1~p » 2 1= gt 5.
<p< 2
Ge(p),0<p<1 - o
First success (k) =pg"', k=1,2,...; q=1— 1 L pe” &
ph)=pg" " k=12...;¢=1-p p 7 T gt g
Fs(p),0<p<1 g
vy
Negative binomial p(k) = (" Nk, k=0,1,2,..; n% npgi (5=2r) g
NBin{n,p), n=1,2,3,..., g=1-p
0<p<i
mk K13
Poisson plk)y=¢e" R k=0,1,2,... m m (et -1)
Po(m), m > 0
Np\[ Ngq
. k n— N-—-n %
Hypergeometric plk) = N , k=0,1,...,Np; o mpg T
H(N,n,p), n=0.1,...,N, n g=1-p;

N=1,2,...,
1

Followiny is a list of some continuous distributions, abbreviations, their densities, means, variances, and characteristic functions.
An asterisk (*) indicates that the expression is too complicated to present here; in some cases a closed formula does not even exist.

Continuous Distributions

n—k=10..,Ng

Distribution, notation  Density EX Var X wx(t)
Uniform/Rectangular
1 ith_ita
U(a,b) flo)=j7—— a<z<b 3a+b) b -a)? ST
U(,1) fl@)=1,0<s<1 1 & el
U(-1,1) f@) =1 ol <1 0 3 ant
Triangular EZ
. 2 2 a+b fit6/2 _ gitaf2\2 )
Tri{a, b) f(z):I:—a(l—b_a m——Z—) %(a+b) ﬁ(b—a)2 (———%m":)——-) (gb
=]
a<z<h §
A . 1 sin L\ =R
Tri{—1,1) flz)=1—|z}, Jzl < 1 0 H (—2:1) g
Exponential flz) = ;lz-e“‘/“, x>0 a a? I -lm't %
Exp(a),a>0 8
N
Gamma flz) = ITi;)-mp“l IP e >0 pa pa’ _ﬁ%it)i" =
I'(p,a),a>0,p>0 g‘
Q
;. _ Y tnoiayni2 a2 2 i =3
Chi-square flz) = ) zEt () e g > 0 n e i =omyre 5
xn), n=1,2,8,... %
1 —toifa 3 i =3
Laplace flz)= e e _oo<r< oo 0 2a Tvoe ?r
L{a),a >0 8
Plr+s) .1 s—1 r s
B P UL PSS G T S — *
eta fz) T (s) " (1 — x) r+s (T+s)2(r+s+1) g

B(r,s), r,s>0

0<z <l
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Continuous Distributions (continued)

Distribution, notation Density EX Var X ex(t) 3;
<)
8
. _1 _g\p
Weibull fz)= a‘—ﬂa:“/") tem= o g0 QP T(B+1) (2 +1) * %
Wi{a,8), &, >0 -I(8 + 1)%) g
Ragfzg}; . flz) = %me"z/“, z>0 iyma all — i) * g
a), a > g
&
Normal )
N( " 0,2) f(.’D) — 1 e—-%(x—-u)z/a2 2 >i;1.t-—%l2172 g.
Hy ) = oVor ) 14 g e s
~oo < < oo,0>0 =
—0<r < 5
1 22 ~12/2 Q
N(O,l) f(!l)):\/TC y —oo <z <0 0 1 et/ e
4 g
<4
P " . 4]
Log-normal flz) = :/2_ e Blogz=p?/o® L g ent+io? o2 (ezaf _ 802) * i
ozV2r &
LN (4,0, 8
—0 L pu<oo, >0
N by 1 i .
(Student’s) ¢ flz) = Tt dw, 0 T > 2 *
tn), n=1,2,...
—00 < T <00
) L r(mgmymyms? w21 2 (g2 2
(Flsher’s) I3 f(ﬂ') = [AE3INED) : (1+g_f-ng)(m+n)/2: ',‘,,'1.1‘.5) ;(L:[:%(}T_L,Q‘ - (','{:LE) [} *
F(m,n), m,n=1,2,...
x>0 n>2 n>4

Continuous Distributions (continued)

Distribution, notation Density EX Var X ox(t)
Cauchy
C(m,a) flz) = % ST oy e < T <00 A A eimi—alt]
c(0,1) f(m)=%- 1_:332, ~00 < & < 00 A A el
Pareto f(w)za%k;, x>k aa_kl,a>] (C%m,a>2, *

Pa(k,a), k>0, a>0

SonysSLIPYORIRY) JBY Y, PUE SUOTINqIISI(] SWoS g
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Basic Forms

n 1 g
/a: de = ——+ 1
/lda,':ln]z|
2
/udv:uv—/vdu

1 1
/az+bdz_ Eln|a:c+b|

Integrals of Rational Functions

/#d == -
G+ Tz+a

n, _ (@+a)""((n+1)z—a)
/”‘(”’“) &= T 12

1 —~
/l-ﬁ-_:czdz =tan @

—'can_lf

a? -Q—a:2 a
/a +z2 In|a2+a:2|
a T

/a2+12 v =2 —atan™ =

@ 1
/mdz 2:5 -—a *In|a? + 2|

/ 1 do — 2 tan=1 2az +b
az?+bz+c  Jdac— 02 Vdac — b2

1 1 a+z
/mdz len ,a;éb

/_w,dz_L

(z+a)?2"  a+tz

/—m—dr—iln]ar2+bz+c|
ar®+br+c = 2a ’

b 0!

T aviac —? an

+Inla + z|

2az +b
Vdac — b?

Integrals with Roots

/\/Tad =§z—a)3/2

dz =2z £
\/m“ oEa
ﬁdx:—z\/a—m

/w\/a; —adz = %a(m —a)¥2y %(1 —a)®?
/\/az+bda:= (_;_Z+23_z) az+b

/ (az + b)*?dz = %(aa: 1 b2

\/.:Tadm = ;(a::F 2a)Vzta

[\t = —vata o - atan~ Y22

/,/aimd.’vz Ve(a+a) —aln[Vo+Va+a

(©)
®

4)

(®)

(6)

(7

9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

17

(18)

(19)

(20)

(21)
(22)

(23)

(24)

(25)

2
/\/aﬂ(am—i-deM [m L;

Table of Integrals*

/.7;\/(11: + bdz = 152a2 (—2b + abx: 4 3a’z?)Vaz + b (26)

/ Va(az + b)dz = 4(%/2 [(Zaz +b)yaz(az +b)
ay/T + /a(az + b)”

—b’In

(27)

saza + %] Vad(az + b)
+ W In |aﬁ+ Va(az + b)‘ (28)

/\/:c2 + a?dz = %1\/&:2 +a2+ %azlu |:z:+ Va? ia2|

(29)
1 1 s T
2 _ 22de = —2+v/a2 — o —iPtansl
/\/a z2dx = 2.1\/(1 x? + 3¢ tan o
(30)
/a:\/a:2 +a%dz = % (a® iaz)s/2 (31)
/\/Z_i_zda,—lu|z+\/.’v2ia2’ (32)
T
1 -1
/\/ﬁdz—sm = (33)
/\/—%dm =+Va?+ta? (34)
2?2 +a
z 2 _ 52 :
ﬁda::— a2 -z (35)
/\/%d:u: %m\/:vz +a*x %azlnyat-l- Va? :taz’
z?ta
(36)
/\/am2+bm+cdz= ﬂ#\/ﬂ$2+bm+c
—_H2
%a/Tb In |2¢w +b+2v/a(az? + bm+c)| (37)

i
o/az? + ba — 2
/1\/&1 +bz+c a3 (Zﬁ\/am +br+c

x (—3b* + 2abz + 8a(c + az?))
+3(b* — dabe) In 'b + 2az + 2vay/ az? + bz + cl) (38)

1 1
- - dr=—— 2
/\/mdr \/aln|2(w+b+2\/a(az +b:c+c)|
(39)
T 1
/L—dm =—vVar?+bz+ec
Vaz? +br+c a
b
~W111l2(1m+b+2\/a(aa:2+bm+c)| (40)
Y = = (41)
((12 + .’172)3/2 az /az +.’E2

/ln(am +b)de = (a, +

Integrals with Logarithms

/lna:vda:zmlnaa:—w

/ lnal

(42)

= % (Inaz)? (43)

S) In(az +b) —z,a #£0 (44)

/ln(:lr2 +a®) dx = zln(z? + a*) + 2a tan™! 2 —2z (45)

/ln(

/ln(a:2 —a?) dx = zIn(z? ~a2)+a1nztz — 2z (46)
az® + bz + ¢) dv = =+/dac — b? tan™* %
— 2z + (% +m> In (az® + bz + ) (47)

b

Tnfag bz 1o
/a.ln(a1+b)d:c_ .~ 1%

2
1 b
+ 5 <m2 — —2) In(az + b)

(48)
2 2.2 1,
/zln(a - b’z )dm:—aa: +
1 a®
= (m2 - b—z) In(a® —b2%)  (49)
Integrals with Exponentials
/e“dl‘ = le” (50)
" a
a 1 a ivm .
/\/a_:c Tde = E\/Eg S 5 3/2erf(z\/arv 5
here art(a) = = [“e"ae (s1)
where eri(r) = — e
v Jo
/ 2eds = (z —1)é° (52)

/

azy (& 1\ e &
/zc d(v—(a a2>e (53)

/zzexd:v =(2® -2z +2)¢"

2
k 23 2
/z?‘e"d:c = (—Z - _a;: + —aa) e’ (55)

/maezda: = (2* - 32" + 6z — 6) " (56)
W1 ,aT
/m"e”drl;: Ze —E/a:""‘e”dm (57)
a a
n gz G2V
/ de = pvs] ~—=T[1+n,—axz],
o (58)
where I'(a, z) =/ t* et dt
x
az? ._._iﬁ. . [<
/e dz = 2\/Ee1f(m\/i) (59)
—az? v
/ o = et (a ) (60)
/mc_‘”2 dx = ~—212e_“2 (61)
2 —ax? ,_l o _ T —a2?
ze dx = 4,laaexf(m\/5) 2° (62)

*© 2014. From http://integral-table.com, last revised June 14, 2014. This material is provided as is without warranty or representation about the accuracy, correctness or
suitability of the material for any purpose, and is licensed under the Creative Commons Attribution-Noncommercial-ShareAlike 3.0 United States License. To view a copy of this
license, visit http://creativeconmons.org/licenses/by-nc-sa/3.0/ or send a letter to Creative Commons, 171 Second Street, Suite 300, San Francisco, California, 94105, USA.



Integrals with Trigonometric Functions

/sinawdn; = —% cos az (63)
sin? azde = = — sinZaz (64)
i T da
/sin" azde =
1 11-n 3
— ~cosaz 25 [5, - E,cos2 az (65)
a3 _~3cosarv cos 3ax .
/sm azds = Ta 50 (66)
/cosamdz = %sin ax (67)
/co‘;2 axde = = + sin 2az (68)
5 ATdT = 3 1a
/ P 1 1+p
cos’ azda = —————cos ¥ axx
a(1+p)
1+p 1 3+
2Fy [ 3 p, 5 -2—1),cos2 aa:] (69)
3, _ 3sinaz  sindax
/cos axdz = R P + 192 (70)
oy cos[(a—b)a]  cos[{a + b))
/cosamsmbmd:v- Aa=0) 2a+b) ,a#b
(1)
in? az cos bady = — Sn((2a = D]
/sm azx cos brdy = 122 =)
sinbz  sin|(2a + b)x]
. Ll 2
% 4(2a ) (72)
/51112 zcosady = % sin® @ (73)
2 ooy o cos{(2a—b)z]  cosbw
/cos az sinbede = “i(3=0) %
cos[(2a + b)x]
- 74
4(2a -+ b) (4
/cus2 axsinazdr = -% cos® ax (75)
2 2 _ & sin2az  sin[2(a ~ b)z]
/bm az cos” brdr = i 82 16a=b) 5)
sin2bz  sin[2(a + b))
—-—— 76
8b 16{a +b) (76)
in? 4z cos? awde = = — sindaz (77)
s 8T T8k
/tan avde = -§ Incosaz (78)
/tan2 axdy = —2 + % tanaxw (79)
nt1
/tan" axde = Mx
a(l+n)
2 Fy (n_—ﬁ-l’ 1, —T-l-—ﬂ,——tzm2 am) (80)
2 2
/ta113 azdz = 1 Incosaz + L sec? aw (81)
a 2a
/sec adz = In|secz + tanz| = 2tanh™! (tan %) (82)
/scc2 axdz = %tan(w (83)

3 1
/sec“‘:vdx: 5 secatane + % In | secx + tan z|

/sec T tan wde = secx
1
/5002 ztanade = 2 sec z

1
/scc" ztanzdy = = sec” z,n #0
n

/csc:vda: =In ‘tan —;—| =Infescz —cota|+C

9 1
csc” axde = — = cotax
a

1 1
/csc3 adx = ~3 cot zescw + 3 In|cscz — cot z|
n ]' n
csc” xcot wdw = - escx,n# 0

/ secz esczde = In| tanx|

Products of Trigonometric Functions and
Monomials

/mcosmdm =cos e+ asing
1 T .
zcosardr = — cosax + = sinazx
a? a

/.'02 cos zde = 2rcosw + (2® — 2) sinz

9 2zcosar  a’e? -2
z* cosazdz = —— + ————sinaz
a a

/m"cosmdﬂ: = —%(i)"+l [[(n+1,—iz)

+(~1)"T(n + 1,ix)]

/a:"cosaa:da: = %(7‘(1)1_" [(=1)"T{n + 1, —iaz)

—I(n+ 1,iza))
/msin adt = ~pcost +sinz
. zcosar  sinax
xsinazdy = — " 3
a a

/:v2 sinzde = (2~ 2®) cosa + 2zsinz

2 . 2 —a?z? 2usin az
o’ sinaxdy = cosax +
a3 a?

/w” sinazdy = —%(i)" [P(n+ 1, —iz) — (~1)"T(n + 1, —iz)]

Products of Trigonometric Functions and
Exponentials

. 1o
/e’D sinzds = §ex(sm T — cosx)

R 1 .
" sinazdr = T—;e"’ (bsinaz — acosazx)
a? + b

(84)

(85)

(86)

(87)

(88)

(89)

(90)

(91)

(92)

(93)

(94)

(96)

(97)

(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)

/cm coszdz = %ez(sin @+ cosx) (1006)
/ebz cosazdr = e i = e (asinaz + beosaz)  (107)
/‘nuer sinzde = %cz(cosm —zcosz+ wsinz)  (108)
/me” cos wdw = %ez(m cosz —sinz + xsinz)  (109)
Integrals of Hyperbolic Functions
/cosh azde = % sinh ax (110}
/e“z coshbzdz =
e
P lacoshbz — bsinhbz] a+#b )
e
I + 3 a=1b
/sinh axde = %cosh az (112)
/e“ac sinh bedz =
e .
m[—bcosh bz +asinhbz] a#b 3
DL (113)
- =b
4a 2 @
/e” tanh brdz =
(a+2b)z
[4 a a 2bz
vy 1 gy 12+ g5 =]
1 ox a 2bx
_Z - 1,1E, — 114
. Zt,“eﬁlgi [Qb’ s e ] a#b (114)
€ — 2tan™ ' [e7] a=b
a
/tz\nhaa:dw = %lncoshaa: (115)
/cos ax coshbedy = L lasin az cosh bx
s Q2 T = sh b
+bcos az sinh bz} (116)
/cos azsinh brdy = ! [bcos az cosh bz+
T e+ b2 '
asin az sinh bx) (117)
/sin az cosh brde = L [~acos az cosh ba+
& iy 5 Qa 2
bsinaz sinh bx) (118)
/‘;in ax sinh bade = L [b cosh b sin az—
5 K AT = aZ T b2 S ] nai:
acos ax sinh be] (119)
/sinh az coshazdz = i [—2az + sinh 2a2] (120)

. 1 )
sinhaz cosh brdz = 5—— [beosh basinh ag
-a

b

—a cosh ax sinh bz] (121)
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Table with common formulas and moment generating functions

Some common mathematical results

6z =2 neo fz':

= hmn_)oo (1 + )
Zk Oar —*all_: ifr#1
Spegart =% if 7] <1
@) = S )kt

Moment generating functions for some common distributions

Distribution  Abbreviation Moment generating function

Bernoulili Be(p) q+pe’

Binomial Bin(n,p) lq +pet]”

Poisson Po(m) m(et’l)

Uniform Ula,b) t(lb am
Exponential Ezp(a) ; fort < 1/a
Gamma I'(p,a) m fort <1/a
Laplace L(a) i for |t < 1/a

Normal N(u,02) t“+”2t2/2

Some statistical results

YIX=2~N I:/J,y + pg—z(w — lz), 05(1 - pz)} if Y and X are jointly normal.
VIX=&~N [y + DyaBga (& — fig), Syy — S yeXa Bay] if Y and X are jointly normal.
Law of total variance: Var|X] = Var[E[X|Z]] + E[Ver[X|Z]}

Law of total covariance: Cov[X,Y] = E[Cov|X,Y|Z]] + Cov[E[X|Z], E[Y|Z]]




